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COMPLETE RICCI FLAT TORUS FIBRATIONS OVER ALE
SPACES
KENTO NIIKURA
Abstract. We investigate complete noncompact Ricci-flat manifolds which are not
of maximal volume growth. We show that the manifolds with a curvature decay con-
dition and a holonomy decay condition are asymptotic to torus fibrations over ALE
spaces. In particular, we classify complete noncompact 4-dimensional hyperka¨ler
manifolds by the volume growth. As an application, we give the uniqueness of tan-
gent cones of collapsing manifolds with some conditions.
1. Introduction
We discuss complete noncompact Ricci-flat manifolds and focus on the volume
growth. By the Bishop-Gromov volume comparison theorem, if M is a complete Rie-
mannian manifold which has a lower bound on Ricci curvature, volB(x, t)/tn is mono-
tone nonincreasing in t for any x ∈ M . As t tends to infinity, volB(x, t)/tn converges
to a nonnegative number VM . If VM > 0, we say M has maximal volume growth. The
complete noncompact Riemannian manifolds with maximal volume growth are studied
by [BKN] and they proved that if such manifolds satisfy a curvature decay condition,
they are asymptotically locally Euclidean (ALE) spaces (see Theorem 2.14). A smooth
n-dimensional complete Riemannian manifold (M,g) is said to be an asymptotically
locally Euclidean (ALE) space of order τ > 0, if there exist a compact set K in M , a
ball B in Rn, a finite subgroup G ⊂ O(n) acting freely on Rn\B, a C∞-diffeomorphism
ψ :M\K → (Rn\B)/G, and φ := ψ−1 such that under this identification,
φ∗gij = δij +O(r
−τ ), ∂|k|(φ∗gij) = O(r
−τ−k).
In this paper we study the result of [BKN] in the case of VM = 0 (non maximal
volume growth). If M is a noncompact manifold which has a lower bound on Ricci
curvature, then there are constants A,B > 0 such that At ≤ volB(x, t) ≤ Btn for any
x ∈M (see for example [CGT], [AbGr]). Thus we are lead to study the volume growth
and asymptotic behavior at infinity. In [Min2, Theorem 3.26], Minerbe proved two
important results. Firstly let M be a complete noncompact Ricci-flat manifold with
a holonomy decay condition and a curvature decay condition. If there are constants
A,B > 0 such that Atn−1 ≤ volB(x, t) ≤ Btn−1 for any x ∈M , then M is asymptotic
to a circle fibration over an ALE space. Secondly, if there are constants A,B > 0 and
ν ∈ [n − 1, n) such that Atn−1 ≤ volB(x, t) ≤ Btν for any x ∈ M , then in fact the
growth of volB(x, t) is exactly ν = n− 1. We extend the two results to any order. The
following is our main theorem. In this paper, O(r(x)−k) denotes the k-th order decay
as r(x) tends to infinity, where r(x) (or r) is the distance function from a fixed point
x. Ci denotes constants independent of r(x).
Date: December 28, 2013.
1
2 KENTO NIIKURA
Theorem 1.1. Let (Mn, g) be a complete noncompact Riemannian manifold and sup-
pose that its curvature, volume and holonomy satisfy
(P.1) Ric ≡ 0,
(P.2) |Rm| = O(r−3),
(P.3) there exist constants A,B > 0 and k = 1, . . . , n−1 such that Atn−k ≤ volB(x, t) ≤
Btn−k for any x ∈M and t > 1,
(P.4) there are constants C1 ≥ 1 and C2 such that, for any geodesic loop γ based
at x with length L[γ] ≤ C1r(x), the holonomy Holγ satisfies |Holγ − id| ≤
C2L[γ]r(x)
−1.
Then there are a compact set K in M , a ball B in Rn−k, a finite subgroup G ⊂ O(n−k),
and a T k-fibration π :M\K → (Rn−k\B)/G such that the metric g can be written
g = h+O(r−2)
= hH + hV +O(r−2)
= π∗hˇ+ hV +O(r−2),
where h is a T k-invariant metric, hH and hV are the metrics which are decomposed
orthogonally with respect to h: TM = V ⊕H with V the kernel of dπ and
hˇ =


ALE metric on (Rn−k\B)/G of order 1 (n− k ≥ 4)
ALE metric on (Rn−k\B)/G of order ǫ (for any ǫ < 1) (n− k = 3, 2)
dt where t ∈ R (n− k = 1).
Moreover the diameter of fibers are finite positive limit at infinity.
Remark 1.2. In particular when k = 1, we can write hV = θ2 where θ is a connection
1-form of the principal S1 bundle π where ker θ = V. Hence we can write g = π∗hˇ +
θ2 +O(r−2).
Remark 1.3. In the condition (P.4), we can consider two situations for the geodesic loops
γ(x). First of all, when the length of geodesic loops remain bounded L[γ(x)] < C3,
geodesic loops converge to a loop, (passing to a subsequence if necessary), (γ(x), x)→
(γ(z), z) in pointed Gromov-Hausdorff topology (the definition of the pointed Gromov-
Hausdorff topology is in Definition 2.19). Secondly when the length of geodesic loops
become longer L[γ(x)] → ∞, geodesic loops converge to a line, (passing to a subse-
quence if necessary), (γ(x), x)→ (R, z) in the pointed Gromov-Hausdorff topology. We
recall that the holonomy is the map from loops into the orthogonal group O(n) so that
we can ignore the second situation when we consider the holonomy of the limit space.
Hence (P.4) implies that the holonomy of geodesic loops are asymptotic to identity at
infinity as r(x)→∞ (more detail can be found in the proof of the Proposition 3.1).
The condition (P.4) is always satisfied if M is a complete noncompact 4-dimensional
hyperka¨hler manifold satisfying (P.2). See Proposition 2.4.
Real 4-dimensional complete connected hyperka¨hler manifolds are called gravita-
tional instantons ([Haw]). Hitchin has suggested that most noncompact gravitational
instantons should be locally asymptotic to R4−k × T k for k = 0, 1, 2, 3. The cases
k = 0, 1, 2, 3, were respectively called ALE, ALF, ALG, ALH ([Hit], [EJ]). In the
above theorem, we classify gravitational instantons under the curvature decay by the
volume growth. See Corollary 3.38.
Remark 1.4. We set dµ := t
n
volB(x,t)dvolg with dvolg the Riemannian measure. Note
that in the case of maximal volume growth, dµ is equivalent to the Riemannian measure
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dvolg. Note also that the condition (P.2) can be replaced by the L
n
2 -condition with
n ≥ 4 and n
2−6n+11
n−1 ≥ k. This is because from Theorem 2.15 we only need
n2−5n+8
n−1 > k
and − (n−k−2)(n−1)
n−3 ≤ −3, but when n ≥ 4 we have
n2−5n+8
n−1 >
n2−6n+11
n−1 and the last
inequality is equivalent to − (n−k−2)(n−1)
n−3 ≤ −3.
In the course of the proof of the main theorem, we also prove the following.
Theorem 1.5. Let (Mn, g) be a complete noncompact Riemannian manifold satisfying
(P.2), (P.3) and (P.4). There exist A,B > 0 and ν ∈ [k, k + 1), k = 1, . . . , n− 1 such
that Atk ≤ volB(x, t) ≤ Btν for any x ∈M and t > 1. Then the growth of volB(x, t)
is k, i.e., we can take ν = k.
Remark 1.6. This theorem essentially follows from Proposition 3.1 so that we do not
need the Ricci-flat condition (P.1). The condition (P.1) is used in the proof of Propo-
sition 2.16 and Proposition 3.2.
Remark 1.7. There are complete hyperka¨hler manifolds with non-integer volume growth.
An example of volume growth 4/3 is due to [TY], and any order between 3 and 4 is
due to [Hat]. But Theorem 1.5 shows that the curvature decay condition restricts the
order of volume growth.
Next, we consider tangent cones at infinity. Let (M,g) be an n-dimensional manifold
with nonnegative Ricci curvature. Then for any sequence (M, t−2i g), there exists a
subsequence converging in Gromov-Hausdorff topology to a length space as ti → ∞
(c.f. [GLP]). The limit space M∞ is called a tangent cone at infinity. In general, a
tangent cone at infinity is not unique, i.e., depends on the choice of a scale parameter.
For the case of maximal volume growth, there are examples of manifolds with non-
unique tangent cones at infinity ([ChCo], [Per]). Sufficient conditions of the uniqueness
are also known ([ChTi], [CoMi]). But for the case of non-maximal volume growth,
sufficient conditions of the uniqueness have not been known. Our next theorem shows
the uniqueness and the tangent cone is the metric cone.
Theorem 1.8. Let (Mn, g) be a complete noncompact Riemannian manifold and as-
sume that (P.1), (P.2), (P.3) and (P.4) hold. Then M∞ = R
n−k/G, where G is in
Theorem 1.1.
We sketch the proof of the main theorem. In the case of the order of n − 1, the
injectivity radius is used effectively to control the fibers ([Min2]). But for any other
orders, we have to use a different method. To extend [Min2], [BKN] and to prove our
main theorem, we study the relation between souls and the volume growth. We then
use the Cheeger-Gromov collapsing theory ([CG], [CFG]) as in [Min2].
The organization of the paper is as follows. In section 2, we review some fundamental
results in Riemannian geometry and Gromov’s convergence theory, and show that the
main theorem is true if (M,g) is flat. In section 3, we construct torus fibrations over
open sets locally and patch them together to contruct a torus fibration over an open
manifold globally. Finally we apply the result of [BKN] to the open manifold. In
section 3.2 and 3.3 we extend the results of [Min2, Proposition 3.11-3.24].
Acknowledgments: We wish to thank A. Futaki for useful advice and introducing
us to the subject of ALE spaces and the collapsing theory. We are also grateful to K.
Hattori and S. Saito for many useful conversations.
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2. Preliminaries
2.1. The holonomy and the injectivity radius. For two loops γ1 and γ2 with same
end points, we say that γ1 and γ2 are short homotopic, if they are homotopic keeping
end points fixed through loops of length at most max{L[γ1], L[γ2]}. A number rmax(x)
is said to be the maximal rank radius of expx if rmax(x) is the supremum of the radius
r such that the Jacobian of expx : B(0, r)→M is of maximal rank where B(0, r) is the
ball of radius r centered at 0 in TxM . From simple arguments, inj(x) ≤ rmax(x) where
inj(x) is the injectivity radius at x. For example, when (M,g) is the standard sphere,
inj(x) = rmax(x) = π. When (M,g) is the standard torus, inj(x) = 1 and rmax(x) =∞.
If M is a Riemannian manifold with bounded sectional curvature |KM | ≤ Λ
2 then
rmax(x) satisfies
rmax(x) ≥ π/Λ.
If a loop γ is based at x ∈ M with L[γ] < rmax(x), then γ is short homotopic to a
unique geodesic loop based at x (see [BK, Proposition 2.2.2]). Let τ be a curve from x
to y and γx be a geodesic loop at x. As long as the loop τ ∪ γx ∪−τ at y is homotopic
to a geodesic loop γy at y with L[γy] < rmax(y), then γy is unique. In such a situation
we say γy is obtained from γx by sliding along τ ([CG, Section 2.a]).
By the inverse function theorem, in a ball B(0, 2ρ) of 2ρ < π/Λ around 0 ∈ TxM ,
expx is a local diffeomorphism since expx has maximal rank. Thus we can define the
pull-back metric exp∗x g on B(0, 2ρ).
Theorem 2.1. [Pet, Theorem 29] For this metric, any two points in B(0, ρ) are con-
nected by a minimal geodesic and balls in B(0, ρ) are strictly convex in TxM .
When the injectivity radius at x is greater than ρ, (B(x, ρ), g) and (B(0, ρ), exp∗x g)
are isometric. But when it is small, x admits many lifts in B(0, ρ). We put x′ ∈M with
d(x, x′) ≤ ρ. We take a lift u of x′ in TxM at minimal distance from 0 i.e., expx(u) = x
′
and t 7→ expx tu is a minimal segment from x to x
′. We consider a map:
(2.2) τu := Expu ◦ (Tu expx)
−1
where Expu : TuTxM → TxM is the exponential map with respect to exp
∗
x g and
Tu expx : TuTxM → Texpx(u)M = Tx′M is the tangent map of the exponential map
with respect to g.
Let u¯ be the origin of Tx′M and exp
∗
x′ g be the pull-back metric on Tx′M .
Lemma 2.3. We put B(u, ρ) centered in u in TxM and B(u¯, ρ) centered in u¯ in Tx′M .
Then τu is an isometry map from (B(u¯, ρ), exp
∗
x′ g) to (B(u, ρ), exp
∗
x g).
Proof. We want to show
exp∗x′ g = τ
∗
u exp
∗
x g
= ((Expu) ◦ (Tu expx)
−1)∗ expx g
(Tu expx)
∗ exp∗x′ g = (Expu)
∗ exp∗x g.
Therefore we prove expx ◦Expu = expx′ ◦Tu expx. Since expx is a local isometry, the
following commutes:
TuTxM
Tu expx−−−−−→ Tx′M
Expu
y expx′y
TxM
expx−−−−→ M
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and we obtain the conclusion. 
We consider the key condition (P.4). Let γ be a geodesic loop based at x and Holγ
be the holonomy translation around γ.
Proposition 2.4. [Min2, Lemma 3.4] Let (M,g) be a complete noncompact 4-dimensional
hyperka¨hler manifold with |Rm| ≤ Qr−3 and inj(x) ≥ I1 > 0. Then there is a positive
constant C4 = C4(I1, Q) such that loops with L[γ] ≤ C4r(x) satisfy
|Holγ − id| ≤
4L[γ]
r(x)
.
Sketch of Proof. To each geodesic loop γ : [0, 1] → M such that γ(0) = γ(1) = x, we
associate its holonomy motion mγ : TxM → TxM :
mγ(w) = Holγw + v,
where Holγ is the translation around γ and v = γ˙(1) is the tangent vector at the
endpoint. We set τv := Expv ◦ (Tv expx)
−1 as above construction with x′ = x. Thus
we get τv : TxM → TxM . From Buser-Karcher holonomy estimates (see [BK]), we can
approximate τv by the affine translation mγ . If the length of γ satisfies L[γ] ≤
r(x)
4 , we
have
d(τv(w),mγ(w)) ≤
8Q
r(x)3
|v||w|(|v| + |w|),
(2.5) d(τv(w),Holγw + v) ≤
8Q
r(x)3
|v||w|(|v| + |w|)
for every point w in TxM such that |w| ≤
r(x)
4 . Thus we can write
(2.6) d(τv(w),Holγw + v) ≤
L[γ]Q
r(x)
.
Since the holonomy group of complete 4-dimensional hyperka¨hler manifolds is included
in SU(2) and the dimension of the maximum torus of SU(2) is 1, we can take some
orthonormal basis of TxM and Holγ =
(
eit 0
0 e−it
)
with an angle t ∈ (−π, π]. We may
assume t 6= 0, since when t = 0 the statement is trivial. Then Holγ − id is nosingular
so that we can take w satisfiying Holγw−w = −v. Hence we get w =
( v1
1−eit
v2
1−e−it
)
where
v1 and v2 denote the coordinate of v. From the lower bound on the injectivitiy radius,
we obtain
(2.7) d(τv(w), w) ≥ 2I1.
Therefore if |w| ≤ r(x)4 then L[γ] ≥ C4r(x), where C4 =
2I1
Q
from (2.6) and (2.7).
Finally, if L < C4r(x) then |w| >
r(x)
4 and we have
|Holγ − id| = |1− e
it| =
L
|w|
≤
4L
r(x)
.

Next, we explain the Ambrose-Singer holonomy theorem.
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Theorem 2.8. [KN, p.89](the Ambrose-Singer holonomy theorem) Let (M,g) be a
Riemannian manifold with the Levi-Civita connection ∇ and the Riemannian curvature
Rijkl. Then Rijkl lies in the subspace S
2holx(∇) ⊂ Λ
2T ∗xM ⊗ Λ
2T ∗xM at each x ∈M .
Remark 2.9. In particular if M is flat, holx(∇) = 0 for any x ∈ M . So the Lie group
Hol(∇) is discrete.
We study the relation between souls and the holonomy. If M is a complete open
manifold which has non-negative sectional curvature KM ≥ 0, then M has a compact
totally geodesic submanifold S of dimension p, the soul, such that Mn is diffeomorphic
to the total space of the normal bundle ν(S) ([CGro]). Let γS be a loop based at x in
S. We say that Holν(S) is the normal holonomy if Holν(S) is the set of all translations
along all γS .
Theorem 2.10. [St] Let Mn be as above and S be a soul of Mn. If the normal
holonomy Holν(S) is trivial, then M
n is the product Riemannian manifold S × Rn−p
and Rn−p has a complete metric of non-negative curvature.
Next, we consider the injectivity radius. If M has bounded sectional curvature, the
condition (P.3) implies that the injectivity radius is bounded from below.
Theorem 2.11. [CGT, Theorem 4.7] Let (Mn, g) be a complete Riemannian manifold
with |Kg| ≤ C, and V > 0 be a constant and suppose that V ≤ volB(x, 1) for any
x ∈M . Then there is a constant I1 > 0 such that I1 ≤ inj(x) for any x ∈M .
2.2. Complete flat manifolds. We study complete flat manifolds.
Proposition 2.12. Let (M,g) be a complete flat Riemannian manifold satisfying (P.3)
and assume the holonomy Hol of any geodesic loops is trivial, then M = Rn−k × T k
isometrically.
Proof. Fix a geodesic loop γ and put a family of loops {γt} such that γt is short
homotopic to γ. Recall that Holγt is the translation along γt and the translation is
written by an ordinary differential equation so that t 7→ Holγt is continuous. The
holonomy of any loops is discrete from Theorem 2.8 so that we get Holγt = Holγ = id.
Each of loops γ is short homotopic to a unique geodesic loop since M is flat and
rmax = ∞. Thus the holonomy of any loops is trivial. By Theorem 2.10, M
n splits
S×Rn−p, and S is also flat so S = T p/Hol isometrically by Bieberbach’s theorem [Wo]
where T p is the p-dimensional torus. Since Hol = id, S = T p. By the volume growth,
we obtain t = p. 
Remark 2.13. This proposition states that the order of volume growth determines the
dimension of the soul in flat case. Since the dimension of the soul is an integer, the
order of volume growth is also an integer i.e., if the volume growth determines that a
number ν ∈ [k, k + 1) such that Atk ≤ volB(x, t) ≤ Btν for k = 1, . . . , n − 1, then in
fact we can take ν = k.
2.3. The curvature conditions. We consider the curvature conditions (P.1) and
(P.2). Abresh proved if a complete noncompact manifold has the curvature decay-
ing faster than quadratic |Rm| = O(r−2−a) with a > 0, it has a finite topological type
[Ab]. Bando, Kasue and Nakajima proved if such a manifold with maximal volume
growth, it is an ALE space.
Theorem 2.14. [BKN, Theorem 1.1], [Ka, Theorem B] Let (Mn, g) be a complete
noncompact Riemannian n-dimensional manifold with n ≥ 3 which satisfies |Rm| =
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O(r−2−a) and volB(x, t) ≥ Atn for all t > 1. Moreover we assume (Mn, g) has only
one end. Then (Mn, g) is an ALE space of order a if n ≥ 4, and of order ǫ (for any
ǫ < 1) if n = 3.
From the argument as above, we only consider the condition a = 1 in this paper. The
next theorem states the relation the L
n
2 - curvature condition and the norm-curvature
condition.
Theorem 2.15. [Min1, Theorem 4.12] Let (Mn, g) be a complete noncompact manifold
with n ≥ 4. Assume satisfying (P.1), (P.3) with n
2−5n+8
n−1 > k and L
n
2 -condition∫
M
|Rm|
n
2 dµ <∞ where dµ = t
n
volB(x,t)dvolg with dvolg the Riemannian measure. Then
|Rm| = O(r−
(n−k−2)(n−1)
n−3 ).
Essentially the Ricci-flat condition (P.1) is used the following proposition.
Proposition 2.16. [Min2, Proposition A.2] Let (Mn, g) be a complete noncompact
Riemannian manifold satisfying (P.1) and |Rm| = O(r−a) with a ≥ 2. Then
|∇iRm| = O(r−a−i)
for all i ∈ N.
Proposition 2.16 is used to prove Proposition 3.2 and Lemma 3.3.
2.4. Gromov’s convergence theorem. Finally we explain Gromov’s convergence
theorem as a preparation for the next section.
Definition 2.17. For two compact metric spaces (X1, dX1), (X2, dX2), a map f : X1 →
X2 is said to be a δ-Gromov-Hausdorff approximation or δ-GH approximation if
• the δ-neighborhood of f(X1) in X2 is equal to X2,
• |dX2(f(x), f(y))− dX1(x, y)| ≤ δ for all x, y ∈ X1.
We say that dGH((X1, dX1), (X2, dX2)) is a GH distance if it is the infimum of all
numbers δ such that there exist δ-GH approximations f : X1 → X2 and g : X2 → X1.
Theorem 2.18. [GLP] (Rigidity theorem) Let {(Mnk , gk)} be a family of compact Rie-
mannian manifolds and (N, g) be a compact Riemannian manifold. Moreover the sec-
tional curvature and injectivity radius of {(Mnk , gk)} and (N, g) satisfy
injgk , injg ≥ C5, |Kgk |, |Kg| ≤ C6,
for constants C5, C6 > 0 independent of k such that lim
k→∞
dGH((Mk, gk), (N, g)) = 0.
Then Mk and N are diffeomorphic for sufficiently large k.
The following definition and theorem do not need compactness.
Definition 2.19. For two pointed complete metric spaces (X1, dX1 , x1), (X2, dX2 , x2), a
map f : (X1, x1)→ (X2, x2) is said to be a δ-pointed Gromov-Hausdorff approximation
or δ-pointed GH approximation if
• f(x1) = x2,
• f(B(x1, δ
−1)) ⊂ B(x2, δ
−1),
• B(x2, δ
−1) ⊂ {y ∈ X2|dX2(y, f(B(x1, δ
−1))) < δ},
• |dX2(f(x), f(y))− dX1(x, y)| ≤ δ for all x, y ∈ B(x1, δ
−1).
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We say that dpGH((X1, dX1 , x1), (X2, dX2 , x2)) is a pointed GH distance if it is the infi-
mum of all numbers δ such that there exist δ-pointed GH approximations f : (X1, x1)→
(X2, x2) and g : (X2, x2)→ (X1, x1).
Theorem 2.20. [Pet, Section10.4](The pointed Gromov’s convergence theorem) Let
{(Mnk , gk, xk)} be a family of pointed complete Riemannian manifolds whose sectional
curvature and injectivity radius at xk satisfy
injgk(xk) ≥ C7, |Kgk(xk)| ≤ C8,k → 0,
for a constant C7 > 0 independent of k. Then a subsequence of {(M
n
k , gk, xk)} converges
to a complete flat Riemannian manifold {(Xn, g, x)} in the pointed C∞-sense, i.e., for
any r > 0, there are embeddings fk : Bg(x, r) → Mk such that fk(x) = xk and f
∗
kgk
converges to g in the C∞-sense.
Remark 2.21. By this compactness, lim
k→∞
volgkB(xk, r) = volgB(x, r) for any r.
Definition 2.22. For two Riemannian manifolds (Mn1 , g1) and (M
n
2 , g2), f : (M1, g1)→
(M2, g2) is said to be a δ-almost isometry if f is a bi-Lipschitz homeomorphism such
that e−δg1 ≤ f
∗g2 ≤ e
δg1. For two Riemannian manifolds (M
n
1 , g1) and (M
k
2 , g2) with
k ≤ n, f is a δ-almost submersion if f is a submersion such that e−δ|v| ≤ |df(v)| ≤ eδ|v|
for any horizontal vector v.
3. Torus fibrations over ALE spaces
3.1. Local Gromov-Hausdorff approximations. We discuss the main argument
and apply the Cheeger-Gromov collapsing theory to our situation.
Proposition 3.1. Let (Mn, g) be a complete noncompact Riemannian manifold whose
curvature and volume satisfy (P.2), (P.3) and (P.4). Then there is a compact set
K in M such that for any x in M\K, we have a 2/r(x)-pointed GH approxima-
tion fx : B(x, r(x)/2) → B
′′(x¯, r(x)/2) where B(x, r(x)/2) is an r(x)/2-ball in Mn,
B′′(x¯, r(x)/2) is an r(x)/2-ball in Rn−k and fx(x) = x¯.
Proof. We take compact sets Kj ⊆M such that Ki ⊆ Kj (i < j), with
⋃
Kj =M and
take points xj ∈M\Kj . For the sequence {(M,g, xj)}, inj(xj) is bounded from below
by Theorem 2.11 and |Rmxj | → 0. Then there is a pointed C
∞-complete flat manifold
(Xn, z) with a C∞-Riemannian metric gX such that some subsequence (M
n, g, xjs) con-
verges to (Xn, gX , z) from Theorem 2.20. We now consider the holonomy of (X, gX , z).
From (P.4), for the geodesic loops γ with L[γ] ≤ C1r(xjs), the holonomy satisfies
|Hol(xjs , γ)− id(xjs , γ)| ≤
C2L[γ(xjs)]
r(xjs)
on B(xjs, C1r(xjs)) ⊂M . We can consider two situations for the geodesic loops γ(xjs).
First of all, when the length of geodesic loops remain bounded L[γ(xjs)] < C3, geo-
desic loops converge to a loop, (passing to a subsequence if necessary), (γ(xjs), xjs)→
(γ(z), z) in the pointed GH topology. Secondly when the length of geodesic loops
become longer L[γ(xjs)] → ∞, geodesic loops converge to a line, (passing to a subse-
quence if necessary), (γ(xjs), xjs)→ (R, z) in the pointed GH topology. We recall that
the holonomy is the map from loops into the group O(n) so that we can ignore the
second situation when we consider the holonomy of the limit space. As in the proof
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of Proposition 2.12, the holonomy is continuous with respect to loops, so that for any
geodesic loops γ on X the holonomy satisfies
|Hol(z, γ) − id(z, γ)| = 0
on X as js →∞. Consequently the holonomy group of any geodesic loops is trivial for
X. On the other hand, we have
lim
j→∞
volgjB(xj, r) = volgXB(z, r)
for any r by Remark 2.21. It follows that the order of volume growth of X is equal to
that of Mn.
By Proposition 2.12, Xn is isometric to Rn−k × T k. We take a sufficient large
compact set K := Kjs , then for any x ∈ M\K we can construct a 2/r(x)-pointed GH
approximation
hx : B(x, r(x)/2)→ B
′(z, r(x)/2)
and put
pr1 : B
′(z, r(x)/2)→ B′′(x¯, r(x)/2)
to be the projection to the first factor where B(x, r(x)/2) inM , B′(z, r(x)/2) in Rn−k×
T k and B′′(x¯, r(x)/2) in Rn−k. Because fx := pr1 ◦ hx is also a 2/r(x)-pointed GH
approximation, we obtain the conclusion. 
3.2. Regularization and patching. By convolving with a suitable smoothing kernel,
we regularize fx and construct a new smooth map σx as below. We closely follow the
argument of [Min2] and extend S1-fibrations to T k-fibrations. For simplicity, we put
ρ := r(x)/2.
Proposition 3.2. Let (M,g) be a complete noncompact Riemannian manifold which
satisfies (P.1), (P.2), (P.3) and (P.4). Then there is a compact set K in M such that
for every x in M\K, there is a map σx : Ωx → B
′′(x¯, ρ) where Ωx a neighborhood of x
and B′′(x¯, ρ) is a ρ-ball in Rn−k. Moreover
(3.2.1) σx is a T
k-fibration,
(3.2.2) σx is a C20/r-almost submersion,
(3.2.3) diam(σ−1x (y)) = diam(T
k) pinches between C−1 and C for any y ∈ B′′(x¯, ρ),
(3.2.4) |∇2σx| = O(r
−2),
(3.2.5) |∇iσx| = O(r
1−i) for any i ≥ 3.
From Section 2.1 with Λ2 = Qr(x)−3, the radius of the ball satisfies ρ < π/2Λ if
r(x) is sufficiently large (we replace a large compact set if necessary). Thus exp∗x g is
well-defined on B(0, ρ) in TxM and B(0, ρ) is convex.
Before proving Proposition 3.2, we mention some relations. We use the Ricci-flat
condition (P.1) in the following lemma.
Lemma 3.3. [Min2, Lemma B.3] Let (M,g) be a complete Riemannian manifold with
|Rm| ≤ Qρ−3 and |∇Rm| ≤ Q′ρ−4 on the ball B(x, ρ) with ρ ≥ 1. We set 0 as the
origin in TxM . We see gx the metric at x as the global flat meric on TxM . If the ball
B(0, ρ) in TxM is convex, then
|(exp∗x g)u − gx| ≤ C9ρ
−1,
|D(d(v, ·)2/2)u − gx(u− v, ·)| ≤ C10,
where u, v ∈ B(0, ρ) and d(v, ·) is the distance function with respect to exp∗x g.
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To regularize the function fx which we constructed in Propositon 3.1, we identify
(Rn−k, gflat) with an n− k-dimensional subspace (Hx, gflat) in TxM as follows.
First of all, we take a 1/ρ-pointed GH approximation fx : B(x, ρ) → B
′′(x¯, ρ) we
constructed in Proposition 3.1. We write fx(x) = x¯ = (x¯1, · · · , x¯n−k) using a local
coordinate and set
F1 := (x¯1 + 1, x¯2, · · · , x¯n−k), · · · , Fn−k := (x¯1, · · · , x¯n−k−1, x¯n−k + 1).
By the definition of the pointed GH approximation, we can pick y1, · · · , yn−k ∈ B(x, ρ)
such that
dRn−k(fx(yi), Fi) ≤ 1/ρ
for 1 ≤ i ≤ n − k. Let y¯i ∈ TxM , with expx y¯i = yi and t → expx ty¯i, a minimal
segment from x to yi. Since y¯1, · · · , y¯n−k are linearly independent for sufficiently large
ρ, we denote an n− k-dimension subspace by Hx in TxM such that
〈y¯1, · · · , y¯n−k〉 = Hx.
By identifying y¯i ∈ TxM with Fi ∈ R
n−k, we consider Rn−k as the subspace Hx and
write vHx :=
∑n−k
i=1 (v, y¯i)y¯i to be the projection of v to Hx.
Proposition 3.4. |fx(expx(v)) − vHx | ≤ C11.
Proof. By the identification, we get
|fx(expx(v))−
n−k∑
i=1
gx(v, y¯i)y¯i| = |fx(expx(v)) −
n−k∑
i=1
(v, y¯i)Fi|
= |
n−k∑
i=1
(fx(expx(v)), Fi)Fi −
n−k∑
i=1
(v, y¯i)Fi|
=
n−k∑
i=1
|(fx(expx(v)), Fi)− (v, y¯i)||Fi|.
The definition of the pointed GH approximation implies
|dRn−k(fx(s), fx(t))− dg(s, t)| ≤ 1/ρ
for all s, t ∈ B(x, ρ). Then we have
|dRn−k(f(expx(v)), fx(yi))− dg(expx(v), yi)| ≤ 1/ρ,
||Fi| − dg(x, yi)| ≤ 1/ρ,
and
||fx(expx(v))| − dg(x, expx(v))| ≤ 1/ρ.
Therefore we obtain
n−k∑
i=1
|(fx(expx(v)), Fi)− (v, y¯i)||Fi| ≤ C11ρ
−1 · ρ ≤ C11.

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Consequently we have the following.
(TxM, exp
∗
x g)
projection
−−−−−−−→ (Hx, gflat) ⊂ TxM
expx
y ∥∥∥ identify
B(x, ρ) ⊂ Ωx ⊂ (M,g)
fx (and σx)
−−−−−−−→ B′′(x¯, ρ) ⊂ (Rn−k, gflat)
Proof of Proposition 3.2. Let us choose a mollifier χ : R+ → R+ which equals to 1 on
[0, 1/3] and 0 beyond 2/3. We set χρ(t) := χ(2t/ρ
2) such that
(3.5) |χ(k)ρ | ≤ C12,kρ
−2k
where C12,k are constants and χ
(k)
ρ denotes the k-th derivative of χρ. We modify the
function fx in Proposition 3.1. Let u¯ be the origin of TyM so that expy(u¯) = y. We
consider a function σx : B(x, ρ)→ B
′′(x¯, ρ) defined by
(3.6) σx(y) :=
∫
TyM
fx(expy v¯)χρ(d(u¯, v¯)
2/2)dvol(v¯)∫
TyM
χρ(d(u¯, v¯)2/2)dvol(v¯)
,
where dvol and d are taken with respect to exp∗y g for all v¯ ∈ TyM . Hence we av-
erage fx with respect to v¯ whenever we take any y ∈ B(x, ρ). The pointed GH
approximation fx in Proposition 3.1 is not differentiable, so we must change vari-
ables. We put u as a lift of y in TxM so that expx(u) = y. As (2.2), we put
τu := Expu ◦ (Tu expx)
−1 and Tu expx : TuTxM → Texpx(u)M . Since Texpx(u)M = TyM ,
τu is isometry (TyM, exp
∗
y g)→ (TxM, exp
∗
x g) from Lemma 2.3. Using τu, we can write
(3.7) σx(y) = σx(expx(u)) =
∫
TxM
fx(expx v)χρ(d(u, v)
2/2)dvol(v)∫
TxM
χρ(d(u, v)2/2)dvol(v)
.
In (3.6), v¯ is an element of TyM , but in (3.7) we integrate with respect to v in TxM via
τu. The measure dvol and the distance d are also taken with respect to exp
∗
x g. We fix
v ∈ TxM and calculate the differential with respect to u ∈ TxM instead of y ∈ B(x, ρ).
Since we can use Toponogov’s comparison theorem from (P.2), we get the following
estimates. If |Rm| ≤ Λ2 on B(x, ρ),
(
sin Λρ
Λρ
)ndv ≤ dvol ≤ (
sinhΛρ
Λρ
)ndv
where dvol is the Riemannian measure with respect to exp∗x g and dv is the Lebesgue
measure. The distance comparison implies
|d(v, u) − |v − u|| ≤ C13Λ
2ρ2d(v, u) ≤ C14
where d is the distance with respect to exp∗x g and | · | is the Euclidean distance. From
Taylor formula, we have
(3.8) − C15ρ
−1dv ≤ dvol − dv ≤ C15ρ
−1dv
and from a triangle inequality, we get
(3.9) |
d(v, u)2
2
−
|v − u|2
2
| ≤ C16ρ.
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From (3.4), (3.5), (3.8) and (3.9), we can estimate (3.7) as follows. The numerator of
(3.7) is
∫
TxM
fx(expx v)χρ(d(u, v)
2/2)dvol(v) =
∫
fx(expx v)χρ(d(u, v)
2/2)(dvol(v)− dv)
+
∫
fx(expx v)(χρ(d(u, v)
2/2) − χρ(|v − u|
2/2))dv
+
∫
(fx(expx v)− vHx)χρ(|u− v|
2/2)dv
+
∫
vHxχρ(|v − u|
2/2)dv
(3.10)
= C17C12,0C15C18 · ρ · ρ
−1 · ρn + C17C12,0C16C18 · ρ · ρ
−2 · ρ · ρn
+C11C12,0C18 · ρ
n +
∫
vHxχρ(|v − u|
2/2)dv
=
∫
vHxχρ(|v − u|
2/2)dv +O(ρn).
The above estimates are the following reasons. The support of v 7→ χρ(d(u, v)
2/2) is
included in a ρ-ball so fx(expx) takes its value in a ball with radius of order ρ and put
a constant C17 with |fx(expx)| ≤ C17ρ. dv has the order ρ
n and put a constant C18
with |dv| ≤ C18ρ
n. By the mean value theorem, we have the second term:
|χρ(d(u, v)
2/2)− χρ(|v − u|
2/2)| = |χ′ρ||d(v, u)
2/2− |v − u|2/2| ≤ C16C12,1ρ
−2 · ρ.
Similarly the denominator of (3.7) is
(3.11)
∫
TxM
χρ(d(u, v)
2/2)dvol(v) =
∫
χρ(|v − u|
2/2)dv +O(ρn−1).
From C−112,0C
−1
18 ρ
n ≤
∫
χρ(|v − u|
2/2)dv ≤ C12,0C18ρ
n, we get
σx(expx(u)) =
∫
vHxχρ(|v − u|
2/2)dv∫
χρ(|v − u|2/2)dv
+O(1)
and
σx(expx(u)) =
∫
zHxχρ(|z|
2/2)dz∫
χρ(|z|2/2)dz
+ uHx +O(1)
where z = v − u. Since the parity implies∫
zHxχρ(|z|
2/2)dz∫
χρ(|z|2/2)dz
= 0,
we have
(3.12) |σx(expx u)− uHx | ≤ C19.
From Proposition 2.16, the Ricci-flat condition (P.1) implies |∇Rm| = O(r−4) and
it follows
(3.13) |D(d(v, ·)2/2)u − gx(u− v, ·)| ≤ C9,
(3.14) |(exp∗x g)u − gx| ≤ C10ρ
−1
from Lemma 3.3. For simplicity, we set the distance function βv(·) := d(v, ·)
2/2 and
(·, ·) := gx(·, ·). The differential of (3.7) is as follows,
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D(σx(expx))u =
∫
(fx(expx(v))− σx(expx(u)))χ
′
ρ(βv(u))(Dβv)udvol(v)∫
χρ(βv(u))dvol(v)
.
The numerator is
∫
(fx(expx(v))− σx(expx(u)))χ
′
ρ(βv(u))(Dβv)udvol(v)
=
∫
(fx(expx(v)) − σx(expx(u)))χ
′
ρ(βv(u))|(Dβv)u − (u− v, ·)|dvol(v)
+
∫
(fx(expx(v)) − σx(expx(u)))χ
′
ρ(βv(u))(u − v, ·)dvol(v).
From (3.13) and the same argument of (3.10), the first term of the right hand is∫
(fx(expx(v)) − σx(expx(u)))χ
′
ρ(βv(u))C9dvol(v) = O(r
n−1).
The second term of the right hand is∫
(fx(expx(v)) − σx(expx(u)))χ
′
ρ(βv(u))(u − v, ·)dvol(v)
=
∫
(fx(expx(v))− σx(expx(u)))χ
′
ρ(βv(u))(u− v, ·)(dvol(v) − dv)
+
∫
(fx(expx(v))− σx(expx(u)))(χ
′
ρ(βv(u))− χ
′
ρ(|v − u|
2/2)(u − v, ·)dv
+
∫
(fx(expx(v)) − vHx − σx(expx(u)) + uHx)(χ
′
ρ(|v − u|
2/2)(u − v, ·)dv
+
∫
(uHx − vHx)(χ
′
ρ(|v − u|
2/2)(u − v, ·)dv
= C17C12,1C15C18 · ρ · ρ
−2 · ρ · ρ−1 · ρn + C17C16C12,2C18 · ρ · ρ
−4 · ρ · ρ · ρn
+(C11 +C19)C12,1C18 · ρ · ρ
−2 · ρn +
∫
(uHx − vHx)(χ
′
ρ(|v − u|
2/2)(u − v, ·)dv
=
∫
(uHx − vHx)(χ
′
ρ(|v − u|
2/2)(u − v, ·)dv +O(rn−1)
from (3.4), (3.5), (3.8), (3.9), (3.12) and (3.13). Hence we get
(the numerator) =
∫
(uHx − vHx)(χ
′
ρ(|v − u|
2/2)(u − v, ·)dv +O(rn−1).
The denominator is same as (3.7). Thus from (3.11), we obtain
D(σx(expx))u =
∫
(uHx − vHx)(χ
′
ρ(|v − u|
2/2)(u− v, ·)dv∫
χρ(|v − u|2/2)dv
+O(r−1)
and
D(σx(expx))u = −
∫
zHx(χ
′
ρ(|z|
2/2)(z, ·)dv∫
χρ(|z|2/2)dv
+O(r−1)
where z = v − u. Let (e1, ..., en) be an orthonormal basis of TxM with respect to the
flat metric gx such that 〈en−k+1, · · · , en〉 ⊥ Hx. If i 6= j, the parity shows∫
ziχ
′
ρ(|z|
2/2)zjdz = 0.
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An integration by parts implies that for any α ≥ 0,∫ ∞
−∞
z2i χ
′
ρ(z
2
i+α)dzi = [ziχρ(z
2
i /2+α)]
∞
−∞−
∫ ∞
−∞
χρ(z
2
i /2+α)dzi = −
∫ ∞
−∞
χρ(z
2
i /2+α)dzi.
Thus we have
−
∫
z2i χ
′
ρ(|z|
2/2)dz =
∫
χρ(|z|
2/2)dz
and we get
−
∫
zHx(χ
′
ρ(|z|
2/2)(z, ·)dv∫
χρ(|z|2/2)dv
=
n−k∑
i=1
ei ⊗ (ei, ·).
Therefore we have
(3.15) D(σx(expx))u =
n−k∑
i=1
ei ⊗ (ei, ·) +O(ρ
−1).
We takeW as a horizontal vector for B(0, ρ)→ B(x¯, ρ) whereB(0, ρ) is the ball in TxM .
We remark that W is horizontal with respect to exp∗x g so that W 6=
n−k∑
i=1
ei ⊗ (ei,W ).
But from Lemma 3.3, we can estimate the difference between exp∗x g and the flat metric
by C10ρ
−1, therefore we obtain
||D(σx(expx))u(W )| − |W || ≤ C20r(x)
−1|W |
from (3.15). Hence σx(expx) is a C20ρ
−1-almost submersion. Since expx is a local
isometry, σx is also a C20ρ
−1-almost submersion and it follows (3.2.2). Thus we put
Ωx := σ
−1
x (B(x¯, ρ)) as a saturated set for σx so that we see B(x, ρ) ⊂ Ωx.
The Hessian of σx is as follows:
∇2σx(expx)u =∫
(fx(expx(v)) − σx(expx(u)))(χ
′′
ρ(βv(u))(Dβv)u ⊗ (Dβv)u + χ
′((Dβv)u)(∇
2βv)u)dvol(v)∫
χρ(βv(u))dvol(v)
−Dσx(expx)u ⊗
∫
χ′(βv(u))(Dβv)udvol(v)∫
χρ(βv(u))dvol(v)
.
The same kind of approximations imply
∇2σx(expx)u = O(ρ
−2).
It follows (3.2.4) and similar arguments follows higher estimates (3.2.5). By the proof
of [CFG, Theorem 2.6], the fibers Nky := σ
−1
x (y) are compact almost flat k-dimensional
manifolds for any y ∈ B′′(x¯, ρ). The diameter of the fibers are controlled by the volume
growth and it follows (3.2.3). Since diam(Nky ) are bounded, |KgNky
| → 0 as r(y)→∞.
As similar to the proof of Proposition 3.1, Nky converge to a compact flat manifold and
we can see that it is a k-dimensional torus. Thus we write
lim
r(y)→∞
dGH((N
k
y , g|Nky ), (T
k, gflat)) = 0.
From Theorem 2.18, Nky is diffeomorphic to T
k (if necessary we replace a large compact
set) thus we get (3.2.1). 
In Proposition 3.2, we could construct a local fibration σx by regularizing fx. As
next step, we study the change of coordinates. For simplicity, we set Ωx,x′ := Ωx ∩Ωx′.
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Proposition 3.16. Let (M,g) and K be as Proposition 3.2. Then there is a a new
compact set K ′ ⊃ K such that for any two points x, x′ ∈ M\K ′ with d(x, x′) ≤ ρ
(ρ = r(x)/2), there is a map φx,x′: σx′(Ωx,x′)→ σx(Ωx,x′) such that
(3.16.1) φx,x′ is a C37/r(x)-almost isometry,
(3.16.2) |σx − φx,x′ ◦ σx′ | ≤ C29,
(3.16.3) |Dσx −Dφx,x′ ◦Dσx′ | ≤ C34/r(x),
(3.16.4) |D2φx,x′ | = O(r(x)
−2),
(3.16.5) |Diφx,x′ | = O(r(x)
1−i) for any i ≥ 3.
We use the next lemma to prove Proposition 3.16. It follows the estimate of the
Christoffel coefficients of exp∗x g.
Lemma 3.17. [Min2, Lemma B.2] Let (M,g) be a complete Riemannian manifold with
|Rm| ≤ Qρ−3 and |∇Rm| ≤ Q′ρ−4 on the ball B(x, ρ) with ρ ≥ 1. Then there is a
constant C21 such that
|∇exp
∗
x g −∇F | ≤ C21ρ
−2
on the ball B(0, ρ) where ∇exp
∗
x g is the Levi-Civita connection with respect to exp∗x g on
TxM and ∇
F is the flat connection on TxM .
Proof of Proposition 3.16. We take a point x ∈ M\K. From Proposition 3.2, we can
take a local torus fibration σx. For σ
−1(x) = T k, we put loops γix such that they are
generators of π1(T
k) for 1 ≤ i ≤ k. We recall that if a loop γ based at x satisfies
L[γ] < rmax(x), γ is short homotopic to a unique geodesic loop and slide another base
point (see Section 2.1). Since the diameter of fibers are pinching from Proposition 3.2
and rmax(x) → ∞ as r(x) → ∞, we take a sufficiently large compact K
′′ ⊃ K such
that the length L[γix] of loops based at x ∈M\K
′′ satisfies L[γix] < rmax(x). Moreover
we take
K ′ := {x ∈M |dist(x,K ′′) ≤ r(x)/2}
so that for x ∈M\K ′ the balls B(x, r(x)/2) are included in M\K ′′.
Let 0 be the origin of TxM and u¯ be the origin of Tx′M i.e., expx 0 = x and expx′ u¯ =
x′. We take a lift u of x′ in TxM at minimal distance from 0 i.e., expx(u) = x
′ and
t 7→ expx tu is a minimal segment from x to x
′. Let γix : [0, 1] → M be geodesic loops
with γix(0) = γ
i
x(1) = x which is a basis of T
k and vix := γ˙
i
x(1) be lifts of tips of γ
i
x and
Hx be an n− k-dimensional subspace in (TxM, exp
∗
x g) such that it satisfies
〈(T0 expx)
−1v1x, · · · , (T0 expx)
−1vkx〉 ⊥ Hx.
This Hx has same properties of Hx in Proposition 3.2. From Section 2, we can slide γ
i
x
to geodesic loops γix′ at x
′. vix′ denote lifts of tips of γ
i
x′ correspondingly and we take
the same orientation of γix′ as γ
i
x. Similarly we take Hx′ such that
〈(Tu¯ expx′)
−1v1x′ , · · · , (Tu¯ expx′)
−1vkx′〉 ⊥ Hx′ .
We set τu := Expu◦(Tu expx)
−1 as 2.2 so that τu sends (Tx′M, exp
∗
x′ g) to (TxM, exp
∗
x g)
isometrically. We put Vi := (dτ)u¯◦(Tu¯ expx′)
−1(vix′) and let H˜x be an n−k-dimensional
subspace such that
〈V1, · · · , Vk〉 ⊥ H˜x.
We recall that
|σx(expx v)− vHx | ≤ C19,1
|σx′(expx′ v¯)− v¯Hx′ | ≤ C19,2
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for v ∈ TxM and v¯ ∈ Tx′M from (3.12). We now consider the difference between σx
and σx′ so that we observe the difference between τu(Hx′)∩U and (u+Hx)∩U where
U := B(0, r(x)/2) ∩ B(u, r(x′)/2) in TxM . We consider the geodesic γ(t) := ExputVi
on TxM and Taylor formula gives
|γ(1) − γ(0) − γ˙(0)| =
∫ 1
0
(1− t)γ¨(t)dt
so that
|ExpuVi − u− Vi| ≤
∫ 1
0
|(1− t)||γ¨(t)|dt.
Since γ is the geodesic, the Jacobi equation implies
∇
exp∗x g
γ˙ γ˙ = 0
and it follows γ¨+(∇
exp∗x g
γ˙ −∇
F )γ˙ = 0. From Lemma 3.17, we obtain |γ¨| ≤ C21r(x)
−2|Vi|
2
and |Vi| is bounded so that
|ExpuVi − u− Vi| ≤ C22r(x)
−2.
From [Min2, Lemma 2.4], we have |ExpuVi − u− v
i
x| ≤ C23r(x)
−1, hence
(3.18) |Vi − v
i
x| ≤ |Vi + u− ExpuVi|+ |ExpuVi − u− v
i
x| ≤ C24r(x)
−1
for all 1 ≤ i ≤ k. This means the angles between Vi and v
i
x are C24r(x)
−1-close so that
H˜x ∩ U and (u+Hx) ∩ U remain at bounded distance in the sense of the basis.
Next we consider a tangent vector W such that W ⊥ Vi for all 1 ≤ i ≤ k and
|W | ≤ C25r(x). We set the geodesic γ(t) = ExputW on TxM . Similar to the above
estimates, we obtain
|ExpuW − (u+W )| ≤ C26.
Hence we can see that H˜x ∩ U and Expu(H˜x) ∩ U = τu(Hx′) ∩ U remain at bounded
distance. it follows that τu(Hx′) ∩ U and (u+Hx) ∩ U remain at bounded distance.
We put
φx,x′ := σx ◦ expx′ |σx′ (Ωx,x′ )
and we prove it is an alomost isometry. We use the relation expx ◦τu = expx′ , then we
have
φx,x′ ◦ σx′ ◦ expx = σx ◦ expx′ ◦σx′ ◦ expx
= σx ◦ expx ◦τu ◦ σx′ ◦ expx′ ◦τ
−1
u
= hx ◦ h
′
x′
(3.19)
where hx := σx ◦ expx and h
′
x′ := τu ◦ σx′ ◦ expx′ ◦τ
−1
u . From (3.4),
|σx′ ◦ expx′(v)− vHx′ | ≤ C11.
Since τu is an isometry, we get
|τu ◦ σx′ ◦ expx′ ◦τ
−1
u (v) − vτu(Hx′)| ≤ C11
so that
|h′x′(v)− vτu(Hx′ )| ≤ C11.
We already know τu(Hx′) ∩ U and (u+Hx) ∩ U remain at bounded distance thus
|h′x′(v)− vu+Hx | ≤ C27
and
|h′x′(v)− vHx − (u− uHx)| ≤ C27
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since vu+Hx = vHx + (u− uHx). It can be written by
|h′x′(v)− hx(v)− (u− uHx)| ≤ C28.
By definition of hx, we find |hx ◦h
′
x′(v)−hx(v)| ≤ C29. From the relation (3.19) we get
|φx,x′ ◦ σx′ ◦ expx−σx ◦ expx | ≤ C29
and since expx is surjective we have (3.16.2):
|φx,x′ ◦ σx′ − σx| ≤ C29.
Next we consider (3.16.3). From (3.19) we get
D(φx,x′ ◦ σx′ ◦ expx) = Dhx ◦Dh
′
x′ .
We take a point z in U and set z′ := τ−1u (z) ∈ Tx′M . From (3.15), we find that
Dzσ(expx)(= Dzhx) is C20,1r(x)
−1-close to the projection in the direction orthogonal
to vix and Dz′σ(expx′) is C20,2r(x)
−1-close to the projection in the direction orthogonal
to vix′ for i = 1, · · · , k.
Conjugating by Dτu, We also find Dzh
′
x′ is C20,2r(x)
−1-close to the projection in the
direction orthogonal to Dzτu(v
i
x′) for i = 1, · · · , k. Let Z
′
i be the initial speed of the
geodesic connecting z′ to τvi
x′
(z′) in unit time where τvi
x′
: Tx′M → Tx′M is
Expvi
x′
◦ (Tvi
x′
expx′)
−1
as (2.2). A similar argument to (3.18) implies
|Z ′i − v
i
x′ | ≤ C30r(x)
−1.
We set Zi := DzτuZ
′
i. Since τu is an isometry, we have
|Zi −Dzτu(v
i
x′)| = |DzτuZ
′
i −Dzτu(v
i
x′)| ≤ C31r(x)
−1.
Zi is the initial speed of the geodesic connecting z to τvix(z) in unit time (τvix :=
Expvix ◦ (Tvix expx)
−1). Thus as similar to (3.18), we get another estimate
|vix − Zi| ≤ C32r(x)
−1.
Hence we have
|vix −Dzτu(v
i
x′)| ≤ |v
i
x − Zi|+ |Zi −Dzτu(v
i
x′)| ≤ C33r(x)
−1
for i = 1, · · · , k. This implies Dzh
′
x′ is C33r(x)
−1-close to the projection orthogonal to
vix. We recall that Dzhx is also C20,1r(x)
−1-close to the projection orthogonal to vix so
that we obtain
|Dhx ◦Dh
′
x′ −Dhx| = |D(φx,x′ ◦ σx′ ◦ expx)−Dhx| ≤ C34r(x)
−1.
Since expx is maximal rank, we get (3.16.3):
|Dσx −Dφx,x′ ◦Dσx′ | ≤ C34r(x)
−1.
Next we prove (3.16.1). Let W be a tangent vector of σx′(Ωx,x′) and W
′ be the
horizontal lift such that Dσx′W
′ = W . We recall that Dhx and Dh
′
x′ are C34r(x)
−1-
close then horizontal vectors for σx and σx′ are also C34r(x)
−1-close. We also recall
that σx and σx′ are C20r(x)
−1-almost submersions, then we have
||Dσx(W
′)| − |W ′|| ≤ C35r(x)
−1|W ′|
and
||W | − |W ′|| = ||Dσx′W
′| − |W ′|| ≤ C20r(x)
−1|W ′|.
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From (3.16.3), we have
|Dφx,x′(Dσx′W
′)−DσxW
′| ≤ C34r(x)
−1|W ′|
thus we can estimate
||Dφx,x′W | − |W || ≤ |Dφx,x′(Dσx′W
′)−DσxW
′|+ ||DσxW
′| − |W ′||+ ||W ′| − |W ||
therefore we obtain
||Dφx,x′W | − |W || ≤ C36r(x)
−1|W ′| ≤ C37r(x)
−1|W |
so that we can see (3.16.1): φx,x′ is a C37r(x)
−1-isometry. Higher estimates (3.16.4)
and (3.16.5) are from higher estimates of σx and σx′ by using the relation (3.19). 
For simplicity, we write the compact set K ′ as K.
Lemma 3.20. [Min2, Lemma 3.13] Let (M,g) and K be as above. We take x, x′, x′′
in M\K with d(x, x′), d(x′, x′′), d(x, x′′) ≤ r(x)/2. Then we obtain
• |φx,x′′ − φx,x′ ◦ φx′,x′′ | ≤ C39,
• |Dφx,x′′ −Dφx,x′ ◦Dφx′,x′′ | ≤ C40r(x)
−1,
whenever it makes sense.
Proof. We have
|σx − φx,x′ ◦ σx′ | ≤ C29,1, |σx′ − φx′,x′′ ◦ σx′′ | ≤ C29,2 and |σx − φx,x′′ ◦ σx′′ | ≤ C29,3
on Ωx ∩ Ωx′ ∩ Ωx′′ from (3.16.2). We have
|σx − φx,x′ ◦ φx′,x′′ ◦ σx′′ | = |σx − φx,x′ ◦ σx′ + φx,x′ ◦ σx′ − φx,x′ ◦ φx′,x′′ ◦ σx′′ |
≤ |σx − φx,x′ ◦ σx′ |+ |φx,x′ ◦ (σx′ − φx′,x′′ ◦ σx′′)| ≤ C38,
since φx,x′ is an almost isometry from (3.16.1). Thus the following holds:
|(φx,x′′ − φx,x′ ◦ φx′,x′′) ◦ σx′′ | ≤ |φx,x′′ ◦ σx′′ − σx|+ |σx − φx,x′ ◦ φx′,x′′ ◦ σx′′ | ≤ C39.
Since σx′′ is surjective, we obtain the first estimate. Since σx′′ is an almost submersion,
the same argument applies to the differentials and we get the second estimate. 
Lemma 3.21. [Min2, lemma 3.14] Let (M,g) and K be as above. We take x, x′ in
M\K with d(x, x′) ≤ r(x)/2. We assume that on B(x, γr(x)) and B(x′, γr(x′)), some
fibrations σx : B(x, γr(x)) → B(x¯, γr(x)) and σx′ : B(x
′, γr(x′)) → B(x¯′, γr(x′)), that
we constructed in Proposition 3.2 are defined, that B(x, δr(x)) and B(x′, δr(x′)) have
nonempty intersection with 0 < δ < γ and φx,x′ that we constructed in Proposition 3.16
is defined. Then we build a new fibration σ˜x′ on B(x
′, δr(x′)) such that
• σ˜x′ satisfies the properties of Proposition 3.2,
• σ˜x′ = φx,x′ ◦ σx on B(x, δr(x)) ∩B(x
′, δr(x′)),
• σ˜x′ = σx′ on B(x
′, δr(x′))\B(x, γr(x)).
Proof. We put
σ˜x′(y) = λ(y)φx′,x ◦ σx(y) + (1− λ(y))fx′(y)
with λ(y) := θ(σx(y)/r(x)) where θ : R
n−k → [0, 1] is a cut-off function equal to
1 on B(x¯, δ), equal to 0 outside B(x¯, γ). By this construction, σ˜x′ = φx,x′ ◦ σx on
B(x, δr(x))∩B(x′, δr(x′)) and σ˜x′ = σx′ on B(x
′, δr(x′))\B(x, γr(x)). From the bounds
of σx, we have |∇
kλ| ≤ C41,kr(x)
−k. The relation
σ˜x′(y)− σx′(y) = λ(y)(φx,x′ ◦ σx(y)− σx′(y)),
Proposition 3.2 and 3.16 imply that σ˜x′ satisfies the properties of Proposition 3.2. 
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Lemma 3.22. [Min2, Lemma 3.15] Let (M,g) and K be as above. We take x, x′, x′′
in M\K with d(x, x′), d(x′, x′′), d(x, x′′) ≤ r(x)/2. We assume that on B(x, γr(x)),
B(x′, γr(x′)) and B(x′′, γr(x′′)), some fibrations σx, σx′ and σx′′ that we constructed
in Proposition 3.2 are defined, that B(x, δr(x)), B(x′, δr(x′)) and B(x′′, δr(x′′)) have
nonempty intersection with 0 < δ < γ and φx,x′, φx′,x′′ and φx,x′′ that we constructed
in Proposition 3.16 is defined. Then we build a new diffeomorphism φ˜x′,x′′ on such that
• φ˜x′,x′′ satisfies the properties of Proposition 3.16,
• φ˜x′,x′′ = φx′,x ◦ φx,x′′ on σx′′(B(x, δr(x)) ∩B(x
′, δr(x′)) ∩B(x′′, δr(x′′))),
• φ˜x′,x′′ = φx′,x′′ on σx′′(B(x
′, δr(x′)) ∩B(x′′, δr(x′′))\B(x, γr(x))).
Proof. We set
φ˜x′,x′′(v) = λ(v)φx′,x ◦ φx,x′′(v) + (1− λ(v))φx′,x′′(v)
with λ(v) = θ(|v|2/r(x)2) where θ is as above. Similar argument to Lemma 3.21 implies
the conclusion by using Lemma 3.20. 
Finally we obtain a global fibration.
Proposition 3.23. [Min2, Theorem 3.16] Let (M,g) be complete noncompact Rie-
mannian manifold satisfying (P.1), (P.2), (P.3) and (P.4). Then there are a compact
set K in M , a open manifold Nn−k and a global T k-fibration σ˜ : M\K → Nn−k such
that σ˜ is a global almost submersion.
Sketch of Proof. We take points xi, xj ∈ M\K such that d(xi, xj) ≥ r(xi)/16 for all
indexes i 6= j and the balls B(xi, r(xi)/2) cover M\K. By Proposition 3.2 we can
construct the local fibration σxi on Ωxi , where Ωxi ⊃ B(xi, r(xi)/2) is a saturated set
of σxi .
When we modify our fibrations repeatedly, we use a technique so as not to become too
far apart for approximate fibrations. We partition the set {xi} into subset S1, · · · , SN
such that for any two distinct points in the same subset xi, xj ∈ Sa, the points satisfy
d(xi, xj) ≥ 50min(r(xi), r(xj)).
We take subsets {Sa1 , · · · , Sak} ⊂ {S1, · · · , SN} with 1 ≤ a1 < · · · < ak ≤ N . We
take (xi1 , · · · , xik) ∈ Sa1 × · · · × Sak . We apply Proposition 3.21 for two points xi1
and xip (p = 2, · · · , k) and apply Proposition 3.22 for three points xi1 , xip and xiq
(p, q = 2, · · · , k). Then
φ˜iq,ip f˜ip = φiq ,i1φi1,ipφip,i1fi1 = φiq ,i1fi1 = f˜iq .
We continue this process for all element of Sa1 × · · · ×Sak thus we obtain a compatible
fibration. We also execute this process for any {Sa1 , · · · , Sak} independently.
For {Sa1 , · · · , Sak} and {Sb1 , · · · , Sbl}, we can make compatible fibrations and we
get local fibrations σ˜i on the sets Ωxi and diffeomorphisms φ˜i,j such that φ˜i,j ◦ σ˜j = σ˜i
on Ωxi ∩ Ωxj .
We say that x and y are equivalent if there is an index i such that x, y ∈ Ωxi and
σ˜i(x) = σ˜i(y). We put N as the quotient topological space and σ˜ as the corresponding
projection. σ˜i induce a structure of smooth n − k-manifold and σ˜ is a global smooth
fibration. For each i, σ˜i is an almost submersion with respect to g so that σ˜ is a global
almost submersion. (More detail in [Min2, Proposition 3.16] and see also [CFG, Section
6]). 
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3.3. N is an ALE space. Let (M,g) be a complete noncompact Riemannian manifold
which satisfies (P.1), (P.2), (P.3) and (P.4). In the section 3.2, We have built a torus
fibration and an almost submersion with respect to g. Finally we modify g to be
Riemannian submersion and determine the topology of the base manifold Nn−k.
Given a point x in M\K, let Ω be a tubular neighborhood of a fixed fiber T k =
σ˜−1(σ˜(x)). We take a local trivialization Ω → T k × U where U ⊂ Nn−k. We see
T k as a lie group and it can act on M : Take an element a = (a1, · · · , ak) ∈ T
k and
T k ×M →M is defined by
((a1, · · · , ak), (x1, · · · , xk, xk+1, · · · , xn)) 7→ (x1 + a1, · · · , xk + ak, xk+1, · · · , xn)
where xi is a local coordinate on T
k × U such that x1, · · · , xk on T
k and xk+1, · · · , xn
on U . We define a flow φa,t : R×M →M by
(t, (x1, · · · , xk, xk+1, · · · , xn)) 7→ (x1 + ta1, · · · , xk + tak, xk+1, · · · , xn).
We put a constant vertical vector field V :=
dφa,t
dt
|t=0 and define a metric by
hx :=
∫
T k
φ∗a,1gdµ
=
1
vol(T k)
∫
T k
φ∗a,1gdx1 · · · dxk
=
1
l1x × · · · × lkx
∫ l1x
0
. . .
∫ lkx
0
φ∗a,1gdx1 · · · dxk
where dµ is a canonical invariant metric of total volume 1 and lsx is the length of the
basis of T k for s = 1, · · · , k so that 0 ≤ as ≤ lsx . Our construction is independent of
the choice of a local coordinate, thus we obtain a T k-invariant Riemannian metric h
on M\K. In this section, the Levi-Civita connection of g denotes ∇.
Proposition 3.24. We can estimate as follows,
• |∇V | = O(r−2),
• |∇kV | = O(r−k) for all k ≥ 2,
• gt = g +O(r
−2) for any t ∈ [0, 1],
• |∇kgt| = O(r
−1−k) for all k ≥ 1 and t ∈ [0, 1]
where gt := φ
∗
a,tg.
Proof. We take a local fibration σ˜ : Ω → U where Ω ⊂ M\K and put the vertical
vector field V :=
dφa,t
dt
|t=0 so that dσ˜(V ) = 0. We calculate
(3.25) ∇2σ˜(V, ·) = ∇·∇V σ˜ −∇∇V σ˜ = −dσ˜(∇V ).
Since the diameter of fiber is bounded, |V | is constant. Thus we obtain (∇V, V ) = 0.
We estimate the horizontal part and the vertical part:
|∇V | ≤ |(∇V, V )|+ |dσ˜(∇V )| ≤ |∇2σ˜| ≤ C42r(x)
−2
from Proposition 3.2, hence we get
|∇V | = O(r−2).
Similar to (3.25), we have
dσ˜(∇kV ) =
k−1∑
i=1
∇1+k−iσ˜ ∗ ∇iV +
k−1∑
i=0
∇1+k−iσ˜ ∗ ∇iV.
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By an induction, we assume |∇iV | = O(r−i) for i ∈ [0, k−1], therefore we also estimate
the horizontal part and the vertical part
|(∇kV )⊥| ≤ C43,k
k−1∑
i=1
|∇1+k−iσ˜||∇iV |+ C44,k
k−1∑
i=0
|∇1+k−iσ˜||∇iV | ≤ C45,kr
−k
and
|(∇kV, V )| ≤ C46,k
k−1∑
i=1
|∇k−iV ||∇iV | ≤ C47,kr
−k,
thus we obtain
(3.26) |∇kV | = |(∇kV, V )|+ |(∇kV )⊥| = O(r−k)
for any k ≥ 2.
Next, we want to show gt = g + O(r
−2) where gt := φ
∗
a,tg. From LV g(X,Y ) =
(∇XV, Y ) + (∇Y V,X) where LV g is the Lie derivative of g along V . Thus we get
(3.27) |LV g| = O(r
−2).
Let ∇t be the Levi-Civita connection of gt and Rm
t be the Riemannian curvature
tensor. We see g0 = g so that ∇
0 = ∇ and Rm0 = Rm. Since φa,t is an isometry, it
satisfies φa,t∗∇
t
XY = ∇φa,t∗Xφa,t∗Y . We differentiate it and have
φa,t∗[V,∇
t
XY ] + φa,t∗
d
dt
∇tXY = ∇[V,φa,t∗X]φa,t∗Y +∇φa,t∗X [V, φa,t∗Y ].
Then we can see
d
dt
∇tXY = ∇
t
[V,X]Y +∇
t
X [V,X] − [V,∇
t
XY ]
= Rmt(X,V )Y −∇tX∇
t
Y V +∇
t
∇t
X
Y
V
= Rmt(X,V )Y −∇t,2X,Y V
(3.28)
where ∇tX∇
t
Y V −∇
t
∇t
X
Y
V denotes ∇t,2X,Y V . From
d
dt
gt =
d
dt
φ∗a,tg = φ
∗
a,tLV g
and (3.27), we get −C48
r2
gt ≤
d
dt
gt ≤
C48
r2
gt. We integrate it and obtain ge
−C48r−2 ≤ gt ≤
geC48r
−2
. Therefore we have
(3.29) gt = g +O(r
−2)
for any t ∈ [0, 1].
Finally we want to show |∇kgt| = O(r
−1−k). We put At := ∇t − ∇. Given vector
fields X,Y,Z and the compatibility of ∇t implies
(∇tXgt)(Y,Z) = 0 = Xgt(Y,Z)− gt(∇
t
XY,Z)− gt(Y,∇
t
XZ).
For ∇, we obtain
(∇Xgt)(Y,Z) = Xgt(Y,Z)− gt(∇XY,Z)− gt(Y,∇XZ).
Hence we have (∇Xgt)(Y,Z) = gt(A
t(X,Y ), Z) + gt(Y,A
t(X,Z)). For simplicity, we
write it by
(3.30) ∇gt = gt ∗A
t.
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(3.28) implies
At =
∫ t
0
(Rmtˆ(·, V )−∇tˆ,2V )dtˆ.
Since the curvature is invariant under isometries, we get Rmt = φ∗a,tRm. From the
relation φa,t∗∇
t
XY = ∇φa,t∗Xφa,t∗Y and the invariance of V under the flow, we have
∇t,2V = φ∗a,t∇
2V. These imply |Rmt| ≤ Qr−3, |∇t,2V | ≤ C49r
−2, hence |At| ≤ C50r
−2.
As an induction step, we assume that for some k ≥ 1,
|∇i(gt − g)| ≤ C51,ir
−1−i, |∇iRmt| ≤ C52,ir
−2−i and |∇i∇t,2V | ≤ C53,ir
−2−i
for any t ∈ [0, 1] and any i ∈ [0, k − 1]. These assumption imply |∇iAt| ≤ C54,ir
−2−i.
We differentiate (3.30) and the induction assumptions imply
|∇kgt| = |
k−1∑
i=0
∇k−1−igt ∗ ∇
iAt| = O(r−1−k).
Thus we obtain the first estimate |∇k(gt − g)| = |∇
kgt| ≤ C55,kr
−1−k. For the second
estimate, we estimate |∇t,iAt| for i ∈ [0, k − 1]. We recall that ∇t = ∇ + At and we
can write
|∇t,iAt| = |(∇ +At)iAt| =
∑
(1+α)mα+β=i
Cmj ,β(
i−1∏
α
|∇αAt|mα)|∇βAt|
where mα, β ∈ Z≥0. The induction assumption implies each of these terms satisfies
O(r(−2−α)mα−2−β) = O(r−2−i−mα)
so that we obtain
(3.31) |∇t,iAt| = O(r−2−i)
for i ∈ [0, k − 1]. We estimate
|∇kRmt| = |(∇t −At)kRmt| =
∑
(1+α)mα+β=k
Cmj ,β(
k−1∏
α
|∇t,αAt|mα)|∇t,βRmt|.
Since we have the relations φa,t∗∇
t
XY = ∇φa,t∗Xφa,t∗Y and Rm
t = φ∗a,tRm, the bound-
edness of |∇βRm| implies the boundedness of |∇t,βRmt|. Therefore we write
(3.32) |∇βRm| = O(r−2−β)
so that we get |∇kRmt| = O(r−2−k) from (3.31) and (3.32). We have the third estimate
|∇k∇t,2V | = O(r−2−k) as similar to the second estimate. Eventually, we obtain
(3.33) |∇kgt| = O(r
−1−k)
for any k ≥ 1. 
Proposition 3.34. We can estimate as follows,
• h = g +O(r−2),
• |∇kh| = O(r−1−k) for all k ≥ 1,
• |Rmh| = O(r
−3).
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Proof. We put
l1 := (l1, 0, · · · , 0), · · · , ls := (0, · · · , 0, ls, 0, . . . , 0), · · · , lk := (0, · · · , 0, lk)
for s = 1, · · · , k then clearly
(3.35) φls,1(x) = x
for s = 1, · · · , k. we write ls(x) = ls (This means the length of the basis of torus
depends on the base point x) and φs(ls(x)t, x) := φls,t(x) then (3.35) is written by
φs(ls(x), x) = x. For simplicity we write l := ls and φ := φs. In a local coordinate, the
differentiation implies
δij =
∂xi
∂xj
=
∂
∂xj
φi(l(x), x) =
dφi
dt
(l(x), x)
∂l
∂xj
+
∂φi
∂xu
(l(x), x)
∂xu
∂xj
.
dφi
dt
= V i is a horizontal vector field for ls direction and we can write
∂φi
∂xu
∂xu
∂xj
= Jφiuδ
u
j = Jφ
i
j
where Jφ is the Jacobian of φls,1. Thus we obtain
dls ⊗ V + Jφls,1(x) = id.
Taking the scalar product with V , we obtain Viδ
i
j = ViV
idlj + JφVj so that |V |dl =
g(V, ·)− g(φ∗V, ·). Since |V | = const, we obtain dls =
1
C56
(g−φ∗ls,1g)(V, ·). From (3.29)
with a = ls, we have
|dli| = O(r
−2).
The relation ∇kls =
k−1∑
i=0
∇i(g − φ∗ls,1g) ∗ ∇
k−1−iV , (3.26) and (3.33) imply
(3.36) |∇ils| = O(r
−i)
for any i ≥ 2, 1 ≤ s ≤ k. From h− g = 1
l1×···×lk
∫ l1
0 · · ·
∫ lk
0 (g1− g)dx1 · · · dxk and (3.29),
we have
h = g +O(r−2).
We differentiate h− g and get
∇(h− g) =
−∇l1
l21
⊗
1
l2 · · · lk
∫ l1
0
· · ·
∫ lk
0
(g1 − g)dx1 · · · dxk + · · ·
+
1
l1 · · · lk−1
⊗
−∇lk
l2k
∫ l1
0
· · ·
∫ lk
0
(g1 − g)dx1 · · · dxk
+
1
l1 · · · lk
∫ l1
0
· · ·
∫ lk
0
∇(g1 − g)dx1 · · · dxk
and
∇h =
∇l1
l1
⊗(φ∗l1,1g−h)+· · ·+
∇lk
lk
⊗(φ∗lk ,1g−h)+
1
l1 · · · lk
∫ l1
0
· · ·
∫ lk
0
∇φ∗a,1gdx1 · · · dxk.
Higher estimates are similar. With (3.33) and (3.36) we obtain |∇kh| = O(r−1−k).
Finally since g has cubic curvature decay, h also satisfies |Rmh| = O(r
−3) (more details
in [Min2, Lemma 3.17 -Corollary 3.23]). 
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Let us push h down into a Riemannian metric h¯ on N , i.e., for every point y in N ,
for every vector w in TyN , we choose a lift x of y and we set h¯y(w,w) := hx(v, v),
where v is the horizontal lift of w in TxM .
Proposition 3.37. If n− k = 1, N1 = R. Otherwise, Nn−k is an ALE space of order
a where a = 1 if n−k ≥ 4 and a < 1 if n−k = 3, 2, i.e., There is a C∞-diffeomorphism
ψ : N → Rn−k\B/G, where G ⊂ O(n − k) is a finite subgroup and we write h¯ = ψ∗hˇ
such that
hˇ =


ALE metric on (Rn−k\B)/G of order 1 (n− k ≥ 4)
ALE metric on (Rn−k\B)/G of order ǫ (for any ǫ < 1) (n− k = 3, 2)
dt where t ∈ R (n− k = 1).
Proof. Since the diameter of fibers are bounded, the order of the volume growth is n−k
for any ball B(x, t) in (Nn−k, h¯). O’Neill formula [Be, Section9.D] states for orthogonal
unit horizontal vector fields Y and Z onM\K and orthogonal unit basis Vi on the fiber
(i = 1, · · · k),
Kh¯(σ˜∗Y ∧ σ˜∗Z) = Kh(Y ∧ Z) +
3
4
k∑
i=1
h([Y,Z], Vi)
2
where Khˇ(σ˜∗Y ∧ σ˜∗Z) and Kh(Y ∧ Z) are the sectional curvature with respect to the
plane of σ˜∗Y ∧ σ˜∗Z and Y ∧ Z respectively. |Kh(Y ∧ Z)| = O(r
−3) and
h([Y,Z], Vi) = −(∇Y h)(Z, Vi)− h(Z,∇Y Vi) + (∇Zh)(Y, Vi) + h(Y,∇ZVi) = O(r
−2)
for any i by Proposition 3.34. These yield |Kh¯(σ˜∗Y ∧ σ˜∗Z)| = O(r
−3). Since (M,g) is
Ricci flat, (M,g) has only one end so that N has also one end by the Cheeger-Gromoll
splitting theorem. We can apply Theorem 2.14 for n − k ≥ 3 and get the conclusion.
The similar argument as Theorem 2.14 implies the case of n − k = 2. Finally in the
case of n− k = 1, the base manifold is R since the order of volume growth is 1. 
Proof of Theorem 1.1. We put π := ψ◦ σ˜ where σ˜ :M\K → N in Proposition 3.23 and
ψ : N → (Rn−k\B)/G in Proposition 3.37. From Proposition 3.1-3.37, we can prove
the theorem. 
Proof of Theorem 1.5. From the proof of Proposition 3.1, the volume growth of (M,g)
is equal to that of (X, gX ). Remark 2.13 states that for the flat manifold the volume
growth is self-improved and we obtain the conclusion. 
Corollary 3.38. Let (M,g) be a complete noncompact hyperka¨hler 4-manifold with
(P.2). For k = 4, 3, 2 and 1 there exist constants A,B and ν ∈ [k, k + 1) such that
Atk ≤ volB(x, t) ≤ Btν for any x ∈ M and t > 1, then it is ALE, ALF, ALG and
ALH respectively.
Proof. From Proposition 2.4, (M,g) satisfies the condition (P.4). Hyperka¨hler 4-
manifolds always satisfy the Ricci-flat condition (P.1). It follows Theorem 1.1 and
Corollary 1.5. 
Proof of Theorem 1.8. From Theorem 1.1, manifolds which satisfy (P.1), (P.2), (P.3)
and (P.4) have the following metric:
g = π∗hˇ+ hV +O(r−2).
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We consider the family of Riemannian manifolds {(M, t−2g)} and the metric
t−2g = t−2π∗hˇ+ t−2hV + lower term.
Since the diameter of fibers are bounded, the second term of the right hand t−2hV goes
to 0 and the fibers shrink as t →∞. hˇ is the ALE metric and the tangent cone of an
ALE space determine a flat cone Rn−k/G where G is in Theorem 1.1. Therefore we
determine the tangent cone M∞ = R
n−k/G uniquely. 
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